Abstract -Bone remodelling is carried out by 'bone multicellular units' (BMUs) in which active osteoclasts and active osteoblasts are spatially and temporally coupled. Bone gain or bone loss from remodelling is directly related to the bone balance of individual BMUs. Whilst tetracycline double labelling experiments can reveal part of the dynamics of the refilling process taking place in the 'closing cone' of a BMU, less is known about how bone refilling is regulated in a BMU. Here, we extend our previous mathematical model of cell development within a single BMU to investigate the dynamics of refilling in the BMU and help elucidate the contributions to the refilling rate of osteoblast number and osteoblast secretory activity at various positions along the BMU's length. The mathematical model is based on biochemical coupling between osteoclasts and osteoblasts of various maturity, and includes the differentiation of osteoblasts into osteocytes and bone lining cells, as well as the influence of BMU cavity shrinkage on osteoblast development and activity. The model is calibrated against experimental data on cell densities and cell numbers in a BMU, and compared with other sources of experimental data for validation, such as tetracycline double labelling data. Our model shows that tetracycline double labelling does not reveal the start and the end of the refilling process in a BMU. This suggests that at a particular bone site undergoing remodelling, bone formation starts and ends rapidly, supporting the hypothesis that osteoblasts behave synchronously. Our model also suggests that part of the observed cross-sectional variability in tetracycline data may be due to different bone sites being remodelled by BMUs at different stages of their lifetime. The different stages of a BMU's lifetime (such as initiation stage, progression stage, and termination stage) depend on whether the cell populations within the BMU are still developing or have reached a quasi-steady state while travelling through bone. We find that due to their longer lifespan, active osteoblasts reach a quasi-steady distribution more slowly than active osteoclasts. We suggest that this fact may locally enlarge the Haversian canal diameter (due to a local lack of osteoblasts compared to osteoclasts) near the BMU's point of origin.
Introduction
Bone remodelling renews bone tissue in a spatially and temporally discrete fashion by means of 'basic multicellular units' (BMUs). In a BMU, osteoclasts (bone-resorbing cells) create a resorption cavity called the 'cutting cone' and osteoblasts (bone-forming cells) refill this cavity, forming a so-called 'closing cone' [1, 2] . The action of osteoclasts and osteoblasts in a BMU is well coordinated such that bone formation closely follows bone resorption [1, 3, 4] . During remodelling, bone may be either gained or lost depending on the balance of bone turned over in a BMU, i.e., the amount of bone refilled compared to the amount of bone resorbed. Several disorders of bone remodelling are associated with bone imbalance in BMUs. For example, bone loss in osteoporosis is associated with a negative bone balance that is mainly due to an underrefilling of the BMU cavity opened up by the osteoclasts [3] [4] [5] [6] . Bone gain in sclerosing bone disorders such as sclerosteosis, van Buchem disease, and high-bone mass phenotype are associated with a positive bone balance due to increased bone formation [7] .
The rate of bone formation is determined both by the number of active osteoblasts and their level of secretory activity (i.e., the volume of osteoid secreted per unit time by an osteoblast) [3, 8] . Whilst bone formation rate in BMUs has been extensively studied using histomorphometry techniques such as double tetracycline labelling [9] [10] [11] [12] [13] [14] [15] [16] , much less is known of the respective contributions of osteoblast number and osteoblast level of activity in a BMU in vivo [17] [18] [19] [20] . Understanding how these respective contributions are evolving in a BMU is necessary to improve our fundamental knowledge of the regulation of bone formation, and so of bone balance in a BMU. These insights are important for our understanding of the development of osteoporosis and for its treatment [5] .
Bone refilling is known to have a different dynamics in cortical BMUs, in which matrix apposition rate decreases exponentially in time, than in trabecular BMUs, in which matrix apposition rate decreases linearly in time [1, 15, 20, 21] . In Ref. [21] , Martin attempted to explain this difference by assuming that the different geometries of cortical BMUs (cylindrical) and trabecular BMUs (trench-like or planar) would affect the strength of a hypothetic regulatory signal on active osteoblasts produced by osteocytes [22] . Martin's model does not take into account the number of osteoblasts and their level of activity separately. However, it raises the important question of the relative importance of different regulatory systems: hormones and local regulatory molecules, and geometric influences on bone formation. The geometry of a BMU may influence bone refilling at several levels and for different reasons. It may influence osteoblast secretory activity via osteocyte regulation as in Martin's hypothesis [21] , and it may influence changes in the surface density of osteoblasts due to the evolving bone surface area of the refilling BMU cavity [20, 38] . These geometric influences constitute inevitable effects that are important to estimate so as to deduce the precise contributions of other regulatory mechanisms, such as the hormonal and local biochemical regulation of cells.
The specific influence of geometry on osteoblast development and osteoblast level of activity is hard to determine in vivo due to the experimental difficulty of controlling this geometry. Geometric changes during new bone formation are the result of the (geometry-dependent) collective dynamics of osteoblast activity, and also depend on the geometry of the bone substrate previously shaped by osteoclasts. In Ref. [23] , the local curvature of the substrate on which new bone is formed was shown to influence matrix apposition rate in an in-vitro system, but the respective contributions of osteoblast population and osteoblast level of activity was not investigated. The difference between matrix apposition rate in cortical BMUs and trabecular BMUs also suggests that geometry plays an important role during bone apposition [1, 20, 21] . The experimental challenges associated with the study of geometric influences on bone cell development and on cell secretory activity in vivo emphasise the need for accurate computational models to help understand the specific contribution of geometry versus other regulatory systems, and thereby help interpret experimental data.
Insights into how osteoblast secretory activity is regulated in a BMU could be gained by estimating secretory activity levels at different phases of the refilling process in the BMU, i.e., at different locations in the closing cone of the progressing BMU. The local secretory activity of osteoblasts can be deduced from the local measurement of both the bone formation rate and the density of cells. Tetracycline double labelling and histomorphometric analyses enable the determination of geometric properties such as the radius of the BMU cavity R and the so-called 'matrix apposition rate' ∂ ∂t R (i.e., the thickness of the new bone layer deposited per unit time, or speed of linear deposition) [1, 16] . The distribution of cells along a BMU [24] can be revealed experimentally by serial sectioning and histomorphometry [18, 25] , or confocal microscopy [26] . However to our knowledge, this data have not been reported in the literature [20] . Marotti et al. [18] performed serial sections of BMUs, but a quantitative analysis is only presented for three cross-sectional slices.
In this paper, we therefore follow a different approach and take the information of osteoblast distribution along the BMU that is predicted using a mathematical model of cell development in a cortical BMU. The model is based on biochemical regulation of bone cell developments and extends our previous model [24] by including important influences on the density of osteoblasts in the BMU, namely, a geometrical effect of cavity shrinkage on the density of osteoblasts, an osteoblast-to-osteocyte transition (that likewise depends on the geometry) and an osteoblast-to-bone lining cell transition at the end of the refilling process. The model is calibrated for osteoclast, osteoblast, and precursor cell numbers in the BMU [2, 27] , and for osteoblast surface densities at three radii of the BMU cavity [18] . The experimental values of osteoblast secretory activity k form (volume of osteoid secreted per cell per unit time) obtained by Marotti et al. [18] at three different radii are extrapolated into a functional dependence of k form (x,t) upon the current radius R(x,t) of the BMU cavity.
The prediction of our mathematical model for the geometric refilling rate are then compared with experimental data from tetracycline double labelling experiments [16] . This comparison enables us to analyse data obtained from several BMUs at a single snapshot in time [16] in terms of the simulated spatiotemporal dynamics of a single BMU. In particular, our model suggests that tetracycline double labelling data provides an incomplete account of the whole refilling process in a BMU, that does not represent the start and the end of refilling. Importantly, we find that a large variability in experimental data may arise if measurements are performed on BMUs at different stages of their lifetime, such as initiation stage, progression stage, and termination stage (an information that is usually not known in histological cross-sections). In particular, the different characteristic times associated with the build-up of the osteoclast population and the osteoblast population within a developing BMU imply that these populations do not reach a quasi-steady state at the same time, despite their biochemical coupling. This is shown to influence the dynamics of refilling at a bone site undergoing remodelling, and so to influence tetracycline data collected at this site.
Below, we begin by providing a general derivation of the relationship between cell number, level of secretory activity, and geometric refilling rate. This derivation applies to osteons of any shape and may thereby be useful for experimental studies of the kinetics of regulation of bone balance in BMUs (see the Conclusions, Section 5).
Methods

Bone refilling dynamics
Active osteoblasts secrete osteoid, a collagen-rich substance that mineralises into new bone. The local production of osteoid depends both on the local number of active osteoblasts and their level of secretory activity. In the following, we consider a transverse cross-sectional slice of thickness δ x, at a fixed position x in bone. The slice corresponds to a region of interest exhibiting the refilling process taking place in the closing cone of the BMU while the BMU progresses through bone along the x axis (see Figure 1a) . We denote by S(x,t) the surface area of the BMU cavity and by P(x,t) the perimeter of the BMU cavity at time t in this cross section. To elucidate the relationship between BMU refilling rate, number of active osteoblasts, and invidivual osteoid secretion rate, we assume that 1. The osteoid secretion rate k form,i (t) (in volume per unit time) at time t of a single active osteoblast i in the cross-sectional slice only depends on that osteoblast's microenvironment (such as the presence of nutrients, hormones and regulatory molecules [2, 3, 28] , and the local curvature of the cavity [20, 23] ). This microenvironment is assumed to consist of influences from within the cross-sectional slice at position x, and so k form,i (t) = k form (x,t).
(a) (b) Figure 1 -(a) A slice (of thickness δ x) at position x along the BMU showing the surface area of newly-formed bone, the surface area of the cavity S(x,t) and its perimeter P(x,t), and the surface area of the ring-like region containing active osteoblasts S OBa (x,t). 2. Osteoid is not transported into the cross-sectional slice or away from it: an increase in osteoid volume within the slice is only due to the active osteoblasts present there, and serves entirely to refill the BMU cavity in this slice ( Figure 1 ). This hypothesis is supported by the observation that osteoblasts do not move significantly along the longitudinal axis of the BMU while they deposit osteoid [1, 2, 24, 29, 30] .
The total volume of osteoid produced per unit time in the slice is given by ∑ i k form,i (t), where i = 1, 2, ... runs over the collection of active osteoblasts in the slice. This newlyformed bone progressively closes the BMU cavity, of surface area S(x,t), according to:
where δ N OB a (x,t) is the number of active osteoblasts in the slice at x. Introducing the surface density of active osteoblasts,
Eq. (1) becomes:
The specialisation of Eq. (3) to a rotation-symmetric cortical BMU of cavity radius R(x,t) gives, substituting S(x,t) = πR(x,t) 2 and P(x,t) = 2πR(x,t):
where | ∂ ∂t R(x,t)| is the so-called matrix apposition rate [1, 31] . Interestingly, the BMU cavity radius R(x,t) does not appear explicitly in the right hand side of Eq. (4), in contrast to the presence of a geometrical property of the cavity (the perimeter P) in the right hand side of Eq. (3). In fact, it can be shown that the matrix apposition rate v ⊥ form at a position r of the bone surface, defined by the thickness of newly-formed bone deposited per unit time, is always given by
irrespective of the geometry of the bone surface (such as the local curvature) and irrespective of the direction of movement of the osteoblasts during the deposition (see Appendix A). 1 The occurrence of an explicit geometric factor of the BMU cavity in the right hand side of Eq. (3) reflects the fact that Eq. (3) corresponds to the average of the local refilling dynamics equation (5) over the cross-sectional slice (see Appendix A). In contrast to Eq. (4), Eq. (3) applies to arbitrarily-shaped cortical BMUs, as well as trabecular BMUs and formative bone modelling for appropriate definitions of S and P. We note here that the local law (5) applies in fact more generally to any celldriven biosynthetic or catalytic process occurring from the surface of a pre-existing substrate, in which the synthesised or catalysed material does not diffuse. 2 The refilling dynamics (3),(4), and (5) express the general relationship between geometric refilling rate (
, osteoblast population 3 (ρ OB a ) and osteoblast activity (k form ). These equations can be used to determine one of these quantities from the knowledge of the two others. In particular, insights into how osteoblast activity k form is regulated in a BMU can be gained by determining k form at different phases of BMU refilling, for example by determining its variation along the length of the BMU [18] . Unfortunately, this data has rarely been measured [20] .
Implicit dependences upon geometrical properties of the BMU cavity in both osteoid secretion rate k form and osteoblast density ρ OB a may of course be present. In fact, phenomenological relationships between matrix apposition rate and the BMU cavity radius in cortical bone [11] [12] [13] [14] [15] 21] , or between matrix apposition rate and the local curvature in the in-vitro systems of Ref. [23] emphasise such implicit dependences. 1 The matrix apposition rate is denoted here by v ⊥ form as it corresponds to the normal component of the velocity of the bone surface, see Appendix A. 2 For example, Eq. (5) applies to bone resorption if replacing osteoblast properties by osteoclast properties. However in this case, the spatial integration of the local law (5) does not retrieve an equation of the form (3) due to osteoclast movement along the x axis (see also Discussion, Section 4). 3 Provided that there is no gap between adjacent osteoblasts, the surface density of active osteoblasts is the inverse of their so-called 'secretory territory', i.e., their contact area with the bone surface, which is measured in Refs [17, 18] .
In this paper, we will investigate more particularly the implicit dependence of ρ OB a upon the BMU cavity radius R(x,t) in cortical BMUs by modelling the interactions between osteoblasts and the bone surface on the cellular level. The implicit dependence of k form upon R(x,t) will be extrapolated from experimental data from Ref. [18] .
Computational model for osteoblast distribution in the BMU
The surface density of osteoblasts depends both on biochemical processes modifying the number of osteoblasts in the slice, and on the local bone surface area, which also evolves in time.
In the following, we restrict to rotation-symmetric cortical BMUs and the refilling dynamics described by Eq. (4). The BMU cavity radius is therefore the only geometrical parameter to consider. This restriction enables a more direct comparison with data derived from tetracycline double labelling experiments, in which only BMU cavity radii are reported (usually averaged over four directions in each cross-sectional BMU, see e.g. [9, 11] ).
There is an increasing interest in the development of mathematical and computational models of cell populations in bone remodelling, due to the complexity of the spatio-temporal dynamics of cell-cell and cell-bone interactions. In recent years, several teams of researchers have developed such mathematical models, either focused on the tissue scale [32] [33] [34] [35] [36] [37] or on the scale of a single BMU [24, [38] [39] [40] [41] [42] [43] . To our knowledge, the only previous mathematical model investigating the refilling process of a BMU in some detail is that of Ref. [38] . However, in Ref. [38] , the resorption process and the start of the refilling process are not modelled. The refilling process starts with an assumed initial population of active osteoblasts.
The present work is based on our previous mathematical model of osteoclast and osteoblast development in a cortical BMU in one spatial dimension (the BMU longitudinal axis). In our model [24] , biochemical coupling between osteoclasts and osteoblasts and migration properties of these cells were estimated and led to the emergence of a stable moving structure (the BMU). The spatial distributions of cells along the longitudinal axis x were segregated, with osteoclasts towards the front of the BMU and osteoblasts towards the back of the BMU. In the model [24] , active osteoblasts derived from pre-osteoblasts (OB p ), which themselves derived from mesenchymal stem cells, at rates depending on the presence of transforming growth factor β (TGFβ). Active osteoblasts were assumed to be eliminated from the 'active' cell pool at a constant rate, combining osteoblast-to-osteocyte transition, osteoblast-to-lining cell transition and osteoblast apoptosis in a single parameter. Here, we extend the model [24] by calculating the evolution of the cavity radius according to Eq. (4) and by including explicitly the following influences on the density of active osteoblasts:
1. Geometric influence of surface availability: cavity shrinkage due to refilling reduces the surface area of the bone interface and confines osteoblasts onto a smaller surface (or equivalently, into a smaller volume); this tends to increase osteoblast density; [1, 2] . These osteoblasts are believed to undergo apoptosis (e.g., due to anoikis). Here a constant rate of apoptosis will be assumed for simplicity, however with a value calibrated so as to eliminate these surplus osteoblasts.
Following our previous model [24] , the material balance equation for the volumetric density of active osteoblasts (OB a ) in the slice can be written as:
OCY (x,t).
In Eq. (6), the source term D OB p OB p corresponds to the TGFβ-dependent differentiation rate of pre-osteoblasts (OB p ) into active osteoblasts; the sink term −A OB a OB a corresponds to the rate of apoptosis (point 4. above). 4 The last two terms in the right hand side of Eq. (6) are new compared to the model of Ref. [24] . The additional source term G OB a describes the tendency of cavity shrinkage to increase the density (point 1. above). The additional sink term −σ prod.
OCY describes the osteoblast-to-osteocyte transition (point 2. above). The precise form of these terms (in particular, their dependence on the cavity radius R(x,t)) is presented in detail in Appendix A. Details on how the transition of osteoblasts into bone lining cells is included in the model (point 3. above) are presented below.
Surface density and volumetric density of active osteoblasts. Biochemical processes of cell development are best described in terms of volumetric concentrations of signalling molecules and volumetric density of cells. Indeed, biochemical reaction rates depend on the probability of encounter of the interacting biochemical compounds. This probability depends in turn on how closely packed the compounds are, and so, on their local concentration or density (number per unit volume) [44] . 5 The material-balance equation (6) for active osteoblasts involves biochemical reactions depending on volumetric cell densities (e.g., OB p ) and molecule concentrations (e.g., TGFβ) [24] . This equation is therefore written for the volumetric density of active osteoblasts, OB a . However, active osteoblasts in a BMU are only found on the bone surface and so the refilling dynamics described by Eqs (3)- (5) involves their surface density ρ OB a . To relate the volumetric density OB a to the surface density ρ OB a such that OB a conveys the information of how densely packed active osteoblasts are on the bone surface, we use the fact that active osteoblasts in a BMU form a single layer of cells against the cavity walls [18] . In the cross-section, active osteoblasts are confined to an annulus S OB a of width h OB a corresponding to the typical height of an active osteoblast (see Figure 1a ). Within this annulus S OB a , active osteoblasts are distributed fairly uniformly, and so S OB a constitutes an appropriate representative surface element to define the volumetric density of active osteoblasts [44,
where Eq. (2) has been used for the second equality. In a rotation-symmetric BMU, P(x,t) = 2πR(x,t) and
The mathematical relationship between osteoblast surface density and volumetric density can thus be written as:
We note that in the above relationship between ρ OB a and OB a , the geometric factor 1 − h OBa 2R(x,t) accounts for the nonzero curvature 1/R of the cavity (a flat surface has zero curvature, corresponding to the limiting case R → ∞). Substituting Eq. (9) into Eq. (4) gives:
. ( Table 1 and scaled according to Eqs (11), (12) .
newly formed bone surface [1, 31] . To account for such a transition in the model while ensuring the spatial exclusion of active osteoblasts and bone lining cells, we assume that active osteoblasts whose osteoid secretion rate k form is rapidly dropping become bone lining cells. Osteoid secretion rate by individual osteoblasts varies as refilling proceeds in cortical BMUs [18, 19] . The precise factors that influence osteoid secretion rate are currently not well known. The secretion rate depends on the amount of organelles involved in glycoprotein and protein synthesis, and so is likely to depend on the cell's protoplasmic volume [18, 19, 25] . The observed flattening of osteoblasts as refilling proceeds [1, 18, 19, 31] is associated with a reduction in cell volume and in osteoid secretion rate [18, 19, 25] .
To account for the variation of osteoid secretion rate during the refilling process in our model, we assume that k form depends on the current radius of the cavity: k form (x,t) = k form R(x,t) , with k form (R H ) = 0, where R H is the Haversian canal radius at which osteoblasts have become (nonsynthesising) bone lining cells (see Figure 1b) . Marotti et al. [18] have reported values for the osteoid secretion rate at three different radii in canine cortical BMUs. We add to this data a zero secretion rate at a Harversian canal radius R H dog ≈ 15 µm, corresponding to the average Haversian canal radius in dogs [31] (see Table 1 ). The canine data of Table 1 is then used to generate pseudo-human data by appropriate scalings as explained in the next paragraph. We finally interpolate this scaled data by a continuous piecewise polynomial curve k form (R) that has a sharp stepwise increase from R = R H = 20 µm to R = 22 µm, and a linear slope for R ≥ 22 µm, as depicted in Figure 2 .
Scaling data from animal models to humans. Tetracycline-based bone histomorphometry has been performed in several species, such as humans [45, 46] , sheep [16] , dogs [11, [13] [14] [15] 18] , and cats [12] . However, some of the quantitative measurements of BMU-related quantities useful to define, calibrate and validate our model are derived from animal models, such as cell surface densities and osteoid secretion rates at different BMU cavity radii [18] , total cell numbers [27, 31] , and tetracycline double labelling radii [16] . To utilize such data consistently with human data in the calibration of the model to a human cortical BMU, we scale some of this animal data to (pseudo-)human values according to known (or suspected) cross-species differences [47] .
In particular, we scale the radius data R dog from Table 1 to (pseudo-)human radius data R by assuming a linear relationship R = R(R dog ) such that R(R H dog ) = R H and R(R c dog ) = R c , where R H dog ≈ 15 µm, R H ≈ 20 µm are typical Haversian canal radii in dogs and humans, and R c dog ≈ 70 µm, R c ≈ 100 µm are typical cement line radii in dogs and humans, respectively [1, 31, 47] (see Figure 1b) . 7 This gives:
We also scale the osteoid secretion rates k dog form of Table 1 estimated by Marotti et al. [18] , by a factor α k form = 1.25 to account for higher secretion rates in humans [38] , i.e.:
The specific numerical value of the factor α k form is chosen so as to reduce the total number of active osteoblasts in the BMU (see Results and Discussion, Sections 3,4). The scaled radius and osteoid secretion rate data of Table 1 are shown in Figure 2 (crosses). 8 Scalings are also applied to the data of Table 2 reporting canine osteoblast surface densities ρ Indeed, increased osteoid secretion rate is associated with increased cell volume, and thus with a corresponding decrease in cell density [18, 19] .
Governing equations. The equations describing the evolution of the BMU cavity radius (10) and the evolution of the density of active osteoblasts (6) both govern the dynamics of the refilling towards the back of the BMU. Following our model [24] , we define three other state variables of the system: the density of pre-osteoblasts OB p (x,t), the density of active osteoclasts nuclei OC a (x,t) and the concentration of transforming growth factor β, TGFβ(x, t). 9 The balance equations governing these quantities involve several additional signalling molecules, i.e. the receptor-activator nuclear factor κB system (RANK, RANKL, and OPG) and parathyroid hormone (PTH). However, the dynamics of these additional signalling molecules is fast compared to the characteristic times of cell behaviours [24] . Their balance equations can be taken in a quasi-steady state, enabling the concentration of these signalling molecules to become algebraic expressions of the variables OB p , OB a , OC a and TGFβ. The material balance equations governing the evolution of all the variables are presented in Appendix A, see Eqs (19)- (30) . 7 In Ref. [31] , the average cement line radius in dogs is reported to be R c dog ≈ 60 µm. In Ref. [47] , it is reported to be R c dog ≈ 77 µm. Since one of the three BMU cavities in Ref. [18] has a radius 65 µm in the formation phase, we take here 70 µm as the representative cement line radius. 8 The model of Polig and Jee [38] suggests that α k form may take values from 1.27 to 1.7. 9 Here and in Ref. [24] , OC a s represent mononucleated entities incorporated in a multinucleated active osteoclast. Multinucleated active osteoclasts are composed of about 10 nuclei [27] . (10) form a coupled system of five partial differential equations (PDEs). These PDEs were solved numerically to evolve the system for 150 days from an initial condition with a small, localised population of active osteoclast nuclei (OC a s) and given distributions of OB u s and OC p s concentrated around the (growing) blood vessel extremity of the BMU, as in Ref. [24] , see Figure 3a . The initial cavity radius was set to the cement line radius R c as only the refilling of the cavity is considered in this paper. We assumed a uniform density of osteocytes OCY exp. (x, r) ≡ 20 000/mm 3 [31] . The cells present initially at t = 0 generate a biochemical positive feedback loop, captured in the governing equations: the OC a s free TGFβ from the bone matrix into the microenvironment, which promotes the differentiation of OB u s into OB p s. The ligand RANKL expressed on OB p s promotes in turn the differentiation of OC p s into OC a s, thus enabling the process to be sustained. Further towards the back of the BMU, the concentration of TGFβ drops [24] . This facilitates the differentiation of OB p s into OB a s [2, 3] . At this point, bone formation starts and the cavity refills. After an initial transient during which these processes take place and the population of osteoblasts increases (see Figure 3b) , the cell densities reach steady-state distribution profiles progressing forward in bone without changing shape (Figure 3c) . Meanwhile, the bone cavity progressively refills (as shown at the bottom of each graphs in Figure 3a -c). The refilling rate is strongly reduced when the cavity radius reaches values close to the 'target' Haversian canal radius R H = 20 µm. Indeed, close to R H , the osteoid secretion rate k form drops according to Figure 2 . The distribution of k form (R(x,t)) along the BMU's longitudinal axis x at t = 150 days is shown in Figure 3d , along with the locations at which k form is 90% and 10% of the step height in Figure 2 . These locations suggest the transition of active osteoblasts (OB a s) into bone lining cells (LC) and are represented in Figure 3c by the start and end of the OB a → LC transition arrow. The dot-dashed line in Figure 3c represents the active osteoblast surface density ρ OB a and constant bone lining cell density ρ LC = 2300/mm 2 (see right vertical axis) [31] . Surface densities ρ OB a < 2300/mm 2 are shaded as they do not correspond to real active osteoblasts: at these locations, osteoblasts are assumed to have become bone lining cells of constant density no longer secreting osteoid and no longer undergoing apoptosis.
Calibration of the cell distribution profiles. Quantitative data on the distribution of cells in cortical BMUs, and/or their total number, is relatively sparse [2, 18, 20, 27, 48] . We calibrated our model such that the cell distribution profiles are in reasonable agreement with the following:
Cell density and closing cone profiles (a) t = 0 days (× 20) ρ OBa , ρ LC Table 2 ( To ensure that all cell densities are visible, OB u , OC p , and OC a were multiplied by a factor 20. The active osteoblast surface density ρ OBa and bone lining cell surface density ρ LC are also shown (dot-dashed lines). In (b), individual osteoid secretion rate k form has not yet dropped enough for OB a to differentiate into LC. In (c), an OB a → LC transition takes place as indicated by the arrow. The arrow starts and ends where k form (x,t) is 90% and 10% of the "step height" in Figure 2 (see also panel (d)). The crosses in (c) correspond to the experimental data of osteoblast surface density from [18] listed in Table 2 , scaled to human values. (d) Profile of osteoid secretion rate k form (x,t) by active osteoblasts at t = 150 days. The grey lines indicate where k form is 90% and 10% of the "step height" in Figure 2 (OB a → LC transition).
• The total number of precursor cells (N OB u , N OC p ) in steady state is about 20;
• The total number of active osteoclast nuclei (N OC a ) in steady state is about 100 [27] ;
• The surface density of active osteoblasts (ρ OB a ) in steady state coincides with data reported by Marotti et al. [18] at three different cavity radii, whilst the total number of active osteoblasts (N OB a ) in steady state is in the range 2000-6000 [27, 31, 38] (see also Discussion, Section 4).
The osteoblast surface densities ρ dog OB a reported by Marotti et al. [18] in three canine BMU cross-sections are shown in Table 2 . The radii R dog and surface densities ρ OB a were scaled to correspond to human average BMUs as mentioned above.
The data on osteoblast surface density at different cavity radii thus rescaled is shown in Figure 3c (crosses) along with the calculated surface density profile ρ OB a (blue dot-dashed line).
To calibrate the model against the number of active osteoclast nuclei and precursor cells in the steady-state BMU, the cell densities OC a (x,t), OC p (x,t) and OB u (x,t) were integrated over the BMU cavity space R(x,t) at t = 150 days. An appropriate rescaling of model parameters was thereby determined (see Appendix A) and the model parameters modified according to Eqs (32) . With the model parameters listed in Table 3 in Appendix A, we obtained:
To calibrate the model against the active osteoblast surface densities at three different cavity radii (Table 2 ) and against the total number of active osteoblasts, we modified the osteoblast apoptosis rate A OB a , the model parameters related to the scaling factor α OB a , and the (canine-to-human) scaling factor α k form . The apoptosis rate A OB a influences the spatial rate of decrease of the osteoblast distribution at the back of the BMU [24] . The factor α OB a scales the value of the density at each location along the BMU uniformly. The scaling factor α k form enables to modify the total number of active osteoblasts in the steady state BMU (e.g., increasing α k form reduces N OB a ). The data could be matched very well by modifying these two properties of the distribution profile, as seen in Figure 3c . The total number of pre-osteoblasts (obtained by integrating OB p (x,t) over the cavity space) and the total number of active osteoblasts (obtained by integrating the surface density ρ OB a (x,t) over the cavity-bone surface) in the steady state BMU (at t = 150 days) were:
The calibrated model was then validated against three independent sets of experimental data: (i) the density of bone lining cells reached at the end of the formation phase at the back of the BMU; (ii) the length of the formation cone of the BMU; (iii) tetracycling double labelling data.
Osteoblast-to-bone lining cell transition. In the model, refilling is strongly reduced when the radius of the cavity reaches the Haversian canal radius R H (Figure 2) . The surface density of active osteoblasts at which this occurs should be consistent with experimentally observed surface density of bone lining cells, ρ LC ≈ 2300/mm 2 [31] . We see from Figure 3c that this constraint was satisfied by the model. Indeed, the surface density ρ OB a reached the value 2300/mm 2 precisely in the zone in which osteoid secretion rate dropped from 90% to 10% of the step height of k form (R) around R ≈ R H in Figure 2 (see also Figure 3d ).
Length of the formation cone. Considering the start of the formation cone in Figure 3c to be around x ≈ −0.5 mm and the end of the formation cone to correspond to the intersection of the active osteoblast surface density and bone lining cell density at around x ≈ −3 mm, the length of the formation cone is about 2.5 mm. This corresponds to values estimated for humans [31] .
Tetracycline double labelling data. Tetracycline double labelling is an experimental technique enabling the estimation of the matrix apposition rate ∂ ∂t R. Tetracycline incorporates actively mineralising tissue with a fluorescent dye [1, 9, 31] . Its injection at two successive time points t 1 and t 2 reveals the radii of the BMU cavity at these time points, R 1 and R 2 , from histological slices extracted later [11, 12, 16] . The average matrix apposition rate between t 1 and t 2 can be estimated as MAR ≡
. The data is usually presented in either of two forms: a plot of the data pairs (R 1 , R 2 ) [12, 15, 16] or a plot of MAR vs either R 1 or R 2 [11, 13, 14, 16] . In both cases a linear relationship is experimentally found.
In Figure 4 we plot the 'exact', instantaneous matrix apposition rate | ∂ ∂t R(x,t)| versus R(x,t) at x = −4 mm (solid grey line) and the approximate, average matrix apposition rates R(x,t+∆t)−R(x,t) ∆t versus R(x,t) obtained in our simulations during the BMU cavity refilling when t increases from 0 to 150 days. The effect of sampling the radii at various positions x in bone is shown (black lines), whilst the time interval ∆t = 10 days (corresponding to the time interval between the tetracycline injections) is kept fixed. These results are compared to experimental data from Metz et al. [16] . This cavity data was collected in sheep and plotted in Ref.
[16, Fig. 2 ] as MAR versus "percent unfilled", i.e., the percent of bone thickness remaining to deposit so as to reach the sheep Haversian canal radius. In Figure 4 , we rescaled this "percent unfilled" data to human-sized BMU cavity radii similarly to Eq. (11), such that 100% unfilled corresponds to the cement line radius R c = 100 µm and 0% unfilled corresponds to the Haversian canal radius R H = 20 µm. In Figure 5 we plot the trajectory of the radii pairs (R 1 , R 2 ) ≡ R(x,t), R(x,t + ∆t) obtained during the BMU cavity refilling at x = −4 mm when t increases from 0 to 150 days for various time intervals ∆t.
Discussion
Cell distribution profiles within the BMU. As in our previous model [24] , the distribution of cell densities along the longitudinal spatial coordinate x evolves from the initial condition into a stable multicellular travelling-wave-like structure (the BMU) progressing through bone without changing shape, with osteoclasts towards the front of the BMU and osteoblasts towards the back of the BMU (Figure 3a-c) . This developing and progressing structure models the initial and quasi-steady phases of a cortical BMU. Its emergence is due to the biochemical coupling between the bone cells and the cells migration properties [24] .
The most important difference in the cell distribution profiles of active osteoclasts (OC a ) and pre-osteoblasts (OB p ) in Figure 3a -c compared with Ref. [24] is a vertical scaling factor due to the calibration of total cell numbers performed here. The overall shape and spatial extension of the distributions of OC a s and OB p s is otherwise unaltered. By contrast, the shape of the cell distribution profile of active osteoblasts (OB a ) is appreciably modified compared to Ref. [24, Fig. 2 ] due to the addition of the geometric influence of surface availability, osteoblast-to-osteocyte transition, and osteoblastto-bone lining cell transition in the model. In the current model, active osteoblasts rise more sharply to their maximum value at the start of formation (near x = −0.5 mm). The decrease of the density of OB a s towards the back of the BMU is also more linear in Figure 3c compared to the exponentionallike decrease in Ref. [24, Fig. 2 ], an effect attributable to the tendency of cavity shrinkage to concentrate the density of active osteoblasts. The generation of osteocytes also has an important influence on the decrease of the density of OB a s towards the back of the BMU. Indeed, one can observe a small transient reduction in the decrease of OB a as a slight "bulge" in the OB a density profile near the OB a → LC transition, where osteocytes stop being generated. This "bulge" is generated despite the density-concentrating effect of cavity shrinkage being reduced at the same time.
The calibration of the active osteoblast surface density ρ OB a (dot-dashed blue line) to Marotti et al.'s data (crosses) in Figure 3c could be performed very well, in particular thanks to the pseudo-linear decrease of the active osteoblast population towards the back of the BMU obtained with the model. Remarkably, this calibration is consistent with the fact that the cavity is refilled up to the Haversian canal radius R H precisely when the surface density ρ OB a reaches a bone lining cell surface density of 2300/mm 2 [31] . This is indicated in Figure 3c by the fact that the ρ OB a curve intersects the OB a → LC transition arrow. With poorly-calibrated model parameters the cavity was either under-refilled when ρ OB a reached the value 2300/mm 2 or refilled too early, at values of ρ OB a larger than 2300/mm 2 , leading to lengths of the closing cone shorter than reported values (see also below).
Osteoblast apoptosis in a BMU is believed to serve to eliminate 'surplus' osteoblasts, i.e., osteoblasts that are neither forming bone, nor becoming osteocytes, nor becoming bone lining cells [2] . The rate of osteoblast apoptosis, as a regulatory mechanism of osteoblast number in the BMU closing cone, is thus likely to depend on the phase of the refilling process in the BMU. Indeed, as the cavity shrinks, the number of osteocytes to be generated per unit time decreases and osteoblasts are confined in a smaller volume, resulting in an increase in surplus osteoblasts. Nevertheless, the constant rate of osteoblast apoptosis A OB a assumed in our model enabled us to obtain a profile of active osteoblast surface density that accurately matched the experimental measurements of Marotti et al. [18] and the bone lining cell density.
Number of osteoblasts within the BMU Precise estimates of the total number of active osteoblasts in a BMU are difficult to find in the literature. Numbers in the range 2000-4000 [27] , of about 3000 per millimetre of BMU length [38] , and up to 6750 [31, Table 6 ] are reported, probably reflecting crosssectional and/or cross-species variabilities. Estimates of the local surface density of active osteoblasts ρ OB a , or of their secretory territory (corresponding to ρ −1 OB a if closely-packed) are likely to be more reliable as they are based on local measurements only and do not depend on the length of the closing cone of the BMU. A lower bound of the total number of active osteoblasts N OB a can be estimated based on a lowerbound surface density of 2300/mm 2 (surface density of bone lining cells [31] ), and a lower-bound cavity-bone surface area given by a linearly changing cavity radius along the formation cone of the BMU (straight lines being the shortest). With a formation cone length L form ≈ 2.5 mm [31] , Haversian canal radius R H ≈ 20 µm and cement line radius R c ≈ 100 µm, this provides the lower bound N OB a 2170. Following Parfitt [31] , a reasonable upper-bound estimate may be found similarly by assuming a maximum cavity-bone area given by that of a cylinder of radius R c and length L form and an average surface density ρ OB a ≈ 4500/mm 2 . This provides the upper bound N OB a 7000.
The total number of active osteoblasts in the steady-state BMU obtained in our simulations (N OB a ≈ 5200) falls well in the above ranges. This total number of active osteoblasts was reached for a scaling of the canine experimental osteoid secretion rates and osteoblast surface densities by the factors α k form = 1.25 and α −1 k form = 0.8, respectively, as explained in Methods, Section 2. Without these scalings (for a BMU properly calibrated to the other data), the number of active osteoblasts was about 6600.
As mentioned above, the length of the BMU closing cone is an important factor determining the total number of active osteoblasts. The BMU progression rate in bone, v BMU , was found to directly affect this length, and so also the total number of active osteoblasts. Values of v BMU in the range 20-40 µm/day [2, 31] are cited in the literature. The simulations presented here were performed with a BMU progression rate v BMU = 30 µm/day. With a BMU progression rate v BMU = 40 µm/day and no scaling of the canine data (i.e., α k form = 1), about 8800 active osteoblasts were found in steady-state in a closing cone measuring about 3.5 mm. These results show that a great variability in the total number of active osteoblasts can be achieved within the model with still physiologically reasonable parameter values. Such variability can therefore also be expected in experimental measurements.
Finally, the total number of pre-osteoblasts in the BMU in our simulations (N OB p ≈ 11 100) may seem high, although we are not aware of pre-osteoblast cell counts in BMUs reported in the literature. The high value obtained for N OB p compared to N OB a is mainly due to the integration of the volumetric density OB p across the whole cavity surface S(x,t), as opposed to the integration of the density of active osteoblasts near the cavitybone surface only. We note, however, that the fate of all pre-osteoblasts in the model is to become active osteoblasts at some point of the refilling process, i.e. pre-osteoblasts are not assumed to undergo apoptosis. In fact, the number of preosteoblasts in a cross-sectional slice of thickness δ x = h OB a = 15 µm at a fixed position in bone reaches a maximum value of about 390 near the start of the refilling process, then quickly decreases to zero as pre-osteoblasts become active. This activation process forms a layer of active osteoblasts against the bone surface with precisely the correct surface density, as indicated by the match of the surface density of active osteoblasts ρ OB a with the experimental data in Figure 3c . This shows that in terms of cell densities, the model is well calibrated, but that absolute number of cells derived from the model by integration of the densities may be enticed with large uncertainties, associated with uncertainties (or variabilities) in the domains of integration.
Shape of the BMU cavity (closing cone). The BMU cavity represented below each plot in Figure 3a -c has to be interpreted with some care as only the refilling process was accounted for, not the resorption process. A major difference between the resorption process by active osteoclasts and the formation process by active osteoblasts within a cortical BMU, is that osteoclasts move longitudinally (along x) while they resorb bone [31] . This complicates the governing equation for the cavity radius in the cutting cone. Indeed, transport terms along x due to osteoclast movement are present, which involve spatial derivatives. We note that this complication does not necessarily arise in so-called 'type II osteons' (formed by BMUs following a pre-existing Haversian canal [31, 49] ) and in trabecular remodelling as in these situations, cellular resorption may be progressing radially only [31] . 10 The local shape of the Haversian canal resulting from the passage of a BMU in a region of bone undergoing remodelling depends on the stage of the BMU's life that this region of bone experiences. The extent of both resorption and formation depends on whether the BMU was in an initiation phase (early life), in a quasi-steady state (mid life) or in a termination phase (late life). In fact, several levels of quasi-steady states can be defined in a BMU. Indeed, whilst the population of certain cell types may have reached a quasi-steady-state within the BMU, the population of other cell types may still be developing. Due to the longer lifespan of osteoblasts compared to osteoclasts, we observe that osteoclast cell densities reach a steady state earlier in the BMU's life than osteoblast cell densities. For example, in Figure 3b (at t = 75 days), the density of active osteoclasts (OC a ) has already reached a quasi-steady state but not the density of OB a s near the back of the BMU. It is therefore likely that regions of bone in a BMU's path experience the full extent of the BMU's resorption but are only partially refilled due to the density of osteoblasts having not fully evolved to a steady state at this location. This situation is mimicked in our simulations by the refilling process occurring near x = −4.65 mm in Figure 3a -c, where a large cavity generated by a mature BMU osteoclastic front is only partially refilled. 11 This creates a local enlargement of the Haversian canal that may be contributing to local spatial nonuniformities observed in Haversian canal sizes [43, 50, 51] . The observation of such local enlargements may be useful for the determination of the location of a BMU's birth from micro-CT scans exhibiting the Haversian pore system [51] .
Comparison with tetracycline double labelling data. The calibration of the active osteoblast surface density ρ OB a (dotdashed blue line) to Marotti et al.'s data (crosses) in Figure 3c also provides a remarkable consistency between the BMU cavity refilling dynamics of the model and experimental tetracycline double labelling data (see Figure 4) . However, the prediction of the model and the experimental data need to be compared with some care. The instantaneous matrix apposition rate | ∂ ∂t R(x,t)| (Figure 4 , solid grey line) differs 10 For example, in the mathematical models of trabecular BMUs of Refs [39, 40, 42] , only radial resorption is considered. 11 In the simulation corresponding to Figure 3a -c, the density of osteoclasts quickly increases from almost zero to stabilise to a quasi-steady state at around 7-8 days (data not shown). All the bone in the BMU's path located at x −4.65 mm therefore experiences the full extent of the resorption phase of the BMU, where −4.65 mm corresponds to the location of BMU origination x 0 = −4.85 mm plus the distance travelled by the BMU during 7 days (about 200 µm). In contrast, the density of osteoblasts takes about 50 days from the BMU's origination to increase to its maximum value.
significantly from its approximation R(x,t+∆t)−R(x,t) ∆t (solid black lines and dots). Experimentally, relatively large time intervals between the tetracycline injections (∆t ≈ 7-12 days) are usually prescribed so as to clearly distinguish both labels in the histological sections [10] . However, mathematically ∂ ∂t R(x,t) is defined in a continuous limit in which ∆t → 0. In fact, the experimental matrix apposition rate above represents a better estimate of ∂ ∂t R(x,t + ∆t 2 ) rather than ∂ ∂t R(x,t) , but it is nevertheless usually compared with the radius of the cavity at time t.
Experimental measurements of label radii are often performed on a collection of different osteons, rather than on serial sections of a single osteon [11, 12, 16] . Having observed great cross-sectional variations of cement line radii and Haversian canal radii, the authors of Ref. [16] have presented MAR versus the percentage of unfilled bone to normalise the data from different osteons. We therefore took this normalised data to compare with the result of our simulations performed on a single BMU.
The numerical results in Figure 4 (lines) clearly exhibit the start and the end of the formation phase, at which MAR = 0. The sharp rise of the active osteoblast population at the start of formation is reflected by a sharp increase of MAR near the cement line radius R c = 100 µm. Matrix apposition rate then steadily decreases as refilling proceeds and cavity radius shrinks. The Haversian canal radius eventually reached is given by the point at which MAR = 0. Because osteoid secretion rate is assumed to decrease sharply when the cavity radius approaches R H = 20 µm, a sharp fall of MAR near R H is also observed. The rise of MAR at the start of the formation and the fall of MAR at the end of the formation are not reflected in the experimental data. This strongly suggests that both the start and the end of the formation phase may occur rapidly, perhaps as a synchronised event amonsts all the osteoblasts. A synchronised halt of formation may allow the BMU cavity to reach a target size more consistently. One potential mechanism is that osteoblasts sense the proximity of the blood vessel or other localised components, as suggested e.g. in Ref. [20] .
Interestingly, for the most part, the numerical curve MAR versus R 1 exhibits a pseudo-linear character. This pseudolinear character is consistent with the experimental literature, in which such apparent linear relationship is often fitted by lines passing at or near the origin (R, MAR) = (0, 0) or is written as the phenomenological law: MAR = ∂ ∂t R = CR [11, 12, 14, 15, 38] , despite MAR being normally zero at the Haversian canal radius R H (not at R = 0). This gives additional support to the suggestion that active osteoblasts may stop bone formation in unison. Indeed, the continuation of the pseudolinear part of the solid black curve in Figure 4 reaches a point near the origin, while the end of formation clearly corresponds to the point (R, MAR) = (R H , 0). This thus suggests that near the end of formation, the curve MAR(R) falls abruptly to the point (R H , 0), as in Figure 4 . Similar remarks apply to the (R 1 , R 2 ) data in Figure 5 . In Figure 5 , the start and end of formation correspond to the points (R c , R c ) and (R H , R H ), respectively. A pseudo-linear behaviour is also observed for a significant part of the numerical curves, whose extrapolation may pass at or near the origin (R 1 , R 2 ) = (0, 0).
In spite of the normalisation of the data performed by Metz et al. [16] to reduce cross-sectional variability and thereby approximate a 'typical' osteon, another source of variability in the data is manifestly present. Our numerical model suggests that the stage of the BMU's life at which the data is collected may be an important contributor to such variability. In Figure 4 , we show numerical curves obtained at different locations x in the bone. Since the BMU is created at time t = 0 near x = −4.85 mm, different locations x in bone see the passage of the BMU at different stages of its lifetime.
Values of x ≈ −4.65 mm experience the passage of the BMU in an initiation phase with nonsteady cell densities (in particular a non-fully-developed osteoblast population, see footnote 11). Larger values of x −3.5 mm experience the passage of the BMU in which cell profiles have all reached a quasisteady state. 12 A possible explanation of the variability of the experimental data [16] reproduced in Figure 4 is therefore that the tetracycline data may have been collected from BMUs at different stages of their lifetime. This hypothesis is consistent with the observation of Metz et al. [16] that measured cement line radii exhibited great variability. If so, the frequency of data points lying on curves obtained from different stages of the lifetime of BMUs in Figure 4 may enable an experimental determination of the relative duration of these stages of a BMU's lifetime, much in the same way as the frequency of BMUs seen in a resorption or formation phase in histological cross sections enable the experimental determination of the duration of resorption and formation phases in BMUs [1] . Choosing different time intervals between the tetracycline injections also has a marked effect in the curves MAR versus R 1 or R 2 versus R 1 . This effect is shown in Figure 5 . However, ∆t is experimentally well controlled. By contrast, the knowledge of whether the BMU that formed new bone at the location of the cross-section at x was in an initiation stage or in a quasi-steady state is not straightforward to determine.
Osteoid secretion rate. We assumed in our model that the osteoid secretion rate k form was determined by the current BMU cavity radius R (see Figure 2) . The experimental correlation between MAR and cavity radius R does not necessarily imply a causal relationship between R and k form . However, it is possible that the local curvature of the bone substrate (equal to 1/R in a rotation-symmetric cortical BMU) influences osteoblast membrane stress [20] , integrin connections between neighbouring osteoblasts, and/or the transmission of osteocytic signals [21, 22] . This may influence in turn the osteoblasts' shape, size, and osteoid secretion rate [18, 23] . A biological advantage of having the osteoid secretion rate k form effectively regulated by R is that BMU refilling becomes self-regulated: formation stops when refilling is complete. However, completion of refilling also requires that the population of active osteoblasts can be sustained long enough. We note that 'over-refilling' in cortical BMUs is not possible when associated with a new Haversian canal ('type I osteons') [1] and only possible to a certain extent when associated with a pre-existing Haversian canal ('type II osteons') [31, 49] . 12 An indication that the location x = −4 mm experiences the passage of steady-state profiles is given by the overlap of the curve obtained at x = −4 mm and that obtained at x = −2.5 mm in Figure 4 . We note that the bone located at x = −2.5 mm does not experience the passage of the back of the BMU by t = 150 days. This explains why the curve obtained at x = −2.5 mm is incomplete compared to that obtained at x = −4 mm.
The scarcity of experimental data on the osteoid secretion rate of individual osteoblasts in bone remodelling is perhaps surprising given that it may be easily determined by means of Eqs (3)- (5), combined with measurements of osteoblast surface densities (or secretory territory [17] ) and rates of cavity changes. The advantage of Eq. (5) is that it holds locally. By measuring the secretory territory of an osteoblast and the (perpendicular) distance between two tetracycline labels at the osteoblast's position, Eq. (5) enables in principle the investigation of nonuniformities in the osteoid secretion rate k form going down to individual osteoblasts within the same BMU cross-section. The advantage of Eq. (3) is that it directly provides an osteoid secretion rate averaged over the osteoblasts in the cross-section. By measuring the surface area and perimeter of the BMU cavity [9] , Eq. (3) enables the determination of osteoid secretion rates from irregular osteons, in constrast with Eq. (4).
Conclusions
We have developed a mathematical model of cell development within a cortical BMU including several influences of the BMU cavity on the density of active osteoblasts, either explicitly (e.g., via surface availability) or implicitly (e.g., via osteoblast-to-osteocyte transition). This model was calibrated against experimental data on total cell numbers and osteoblast surface densities at three different BMU cavity radii. The comparison of the calibrated model with tetracycline double labelling data revealed in particular the following points:
• Tetracycline data measured on histological crosssections of bone do not exhibit the start and the end of the refilling phase of BMUs. The build up of the population of active osteoblasts at the onset of refilling and their transition to non-synthesising bone lining cells at completion of refilling should be associated with low and nearly zero matrix apposition rates, respectively. The fact that this is not observed may indicate that in a BMU, the refilling process starts and ends rapidly, as suggested by our model. We note, however, that large and irregular Haversian canals, likely to be in an early stage of refilling, are often discarded from tetracycline analyses [12] . This difficulty could be alleviated by using Eq. (3), valid for any osteon shape, rather than Eq. (4), valid for rotation-symmetric osteons, to analyse the dynamics of BMU refilling.
• The cross-sectional variability remaining in the tetracycline data reported by Metz et al. after their normalisation [16, Fig. 2 ] may be partly due to the fact that the overall refilling dynamics differs in BMUs at different stages of their lifetime (such as initiation stage, progression stage, and termination stage). Due to the short lifespan of osteoclasts compared to osteoblasts, the population of osteoclasts quickly reaches a quasi-steady state early in a BMU's lifetime, within a few hundreds of micrometres from the BMU's origination point. In contrast, only regions of bone about 1 mm away from the BMU's origination point may experience the action of a fully-developed population of active osteoblasts. This may have two additional practical consequences. (i) the location of a BMU's origination may be evidenced by local enlargements of the Haversian pores (due to a local lack of osteoblasts compared to osteoclasts); (ii) it may be possible to determine experimentally the relative duration of the initiation stage and quasi-steady states of a BMU by counting the number of occurrences of BMUs whose tetracycline data falls in specific regions ("bands") in a plot of MAR vs cavity radius R, as suggested by Figure 4 .
A complete quantitative picture of the spatio-temporal dynamics of BMUs based on experimental measurements remains to be elucidated. Whilst matrix apposition rates are often reported in the literature from tetracycline double labelling experiments, these data integrate both osteoblast number and osteoblast secretory activity. Experimental knowledge of osteoid secretion rate per osteoblast is scarce, particularly in relation to a BMU's internal organisation. The determination of cell densitites and their distribution along the different phases of the BMU is essential to gain insights into the biochemical regulation of individual cells within the BMU. The latter is important to fully understand how bone formation is regulated in bone remodelling. For example, the biochemical processes leading to the end of the formation phase in a BMU are not clear. Insights into these processes are particularly relevant for our understanding of osteoporosis [5] .
Bone refilling dynamics. We first provide a derivation of Eq. (5), locally relating the matrix apposition rate to the number of osteoblasts and their level of secretory activity. An alternative derivation of Eq. (3) by averaging Eq. (5) over the BMU cross-sectional slice is also presented.
The volume of osteoid formed at a position r of the bone surface during a time increment ∆t can be characterised both by the geometric displacement of active osteoblasts during osteoid deposition, and by the amount of osteoid that was produced by the osteoblasts at this location during ∆t (see Figure 6 ). The geometric displacement of an osteoblast at point r of the bone surface during ∆t is given by v OB a (r,t)∆t, where v OB a is the velocity vector of the active osteoblast, which describes its migration within the cross-sectional slice. The local volume of osteoid ∆V form (r,t) "extruded" from the bone surface due to this displacement is given by the volume of a slanted cylinder, equal to the multiplication of its base Figure 6 -The displacement of the bone surface between time t and t + ∆t can be described by the displacement v OBa ∆t of the osteoblast (OB a ) at point r. The volume "extruded" from the surface element dA between the times t and t + ∆t due to this displacement is equal to n · v OBa ∆tdA. The normal component v ⊥ form ≡ n · v OBa of the velocity vector corresponds to the matrix apposition rate.
dA (a small, infinitesimal element of surface) and its height n(r,t) · v OB a (r,t)∆t, where n(r,t) is a unit vector normal to the bone surface (see Figure 6 ). On the other hand, ∆V form (r,t) is given by the multiplication of the volume of osteoid produced per osteoblast per unit time k form (r,t) and the number of active osteoblasts on the surface element dA. Introducing the surface density of active osteoblasts ρ OB a (r,t), one thus has:
The quantity v ⊥ form ≡ n · v OB a describes the speed at which the bone surface moves in the direction normal to the surface. This quantity corresponds to the so-called 'matrix apposition rate', i.e., the thickness of the new bone layer deposited per unit time. From Eq. (15), the matrix apposition rate at position r of the bone surface and at time t is therefore equal to:
To estimate the overall rate at which the BMU cavity closes during the refilling process, one can integrate ∆V form (r,t) in Eq. (15) over the bone surface of the cross-sectional slice. This provides the total volume of osteoid produced in the slice during the time increment ∆t. This newly-formed bone progressively closes the BMU cavity, of surface area S(x,t). The change in S(x,t) is thus given by:
where the small element of surface dA was replaced by dA = δ x dl (dl is a length element of the cavity perimeter P).
Assuming that k form , v OB a and ρ OB a do not vary significantly within the cross section, these quantities can be taken out of the integral sign when using Eq. (15), and so we retrieve Eq. (3) and a special case of Eqs. (5) when ∆t → 0:
Geometric influence of surface availability. The tendency of cavity shrinkage to concentrate the density of osteoblasts is represented by the source term G OB a in the governing equation of active osteoblasts, Eq. (6). This effect can be understood intuitively as follows. During refilling, active osteoblasts move towards the center of the BMU as the cavity radius decreases. This movement confines active osteoblasts into a smaller volume, and so tends to concentrate their density in the slice (see Figure 1b, stages 2-3 ). An alternative viewpoint is to note that the bone surface available to osteoblasts decreases as refilling proceeds. If the number of active osteoblasts on the surface is constant, this increases their surface density. The precise form of the function G(x,t) can be determined by considering the total number of active osteoblasts in the slice, δ N OB a (x,t). This total number δ N OB a , however, is not necessarily constant: active osteoblasts in the slice can be created or eliminated by biological processes. (Active osteoblasts are not transported into or away from the slice by migration from neighbouring slices since osteoblasts do not move along the x axis, see Section 2.1). In Eq. (6), biological creation or elimination of active osteoblasts in the slice is described in terms of changes in the volumetric density OB a by the source and sink terms σ (x,t) ≡ D OB p OB p (x,t) − A OB a OB a (x,t) − σ prod.
OCY (x,t). At the whole slice level, the number of active osteoblasts created or eliminated per unit time is therefore described by the source and sink terms σ (x,t)S OB a (x,t)δ x since δ N OB a (x,t) = OB a (x,t) S OB a (x,t) δ x, see Eq. (7). Hence:
Dividing by S OB a δ x and comparing the second equation with Eq. (6) gives:
In Eq. (17), the second equality is obtained using Eq. (8) and holds only for rotation-symmetric BMUs.
Osteoblast-to-osteocyte transition. The generation of osteocytes from osteoblasts that become entrapped in the bone matrix during bone formation [22, 52, 53] induces a sink term −σ prod.
OCY (x,t) in the governing equation of active osteoblasts, Eq. (6). Here, we determine the rate σ prod.
OCY (x,t) at which active osteoblasts become osteocytes (in units of density produced per unit time) so as to reproduce a given (e.g., experimentally determined) osteocyte lacuna density in the cortical BMU, OCY exp. (x, r), where r is the radial coordinate in the cross section of the (rotation-symmetric) BMU (see Figure 1b) . The total number of osteocytes in the slice at x at time t, N OCY (x,t), increases during bone deposition in the slice from zero at the onset of bone refilling t = t F (Figure 1b , stage 1) to a constant final number at the end of bone refilling (Figure 1b, stage 4) . The correspondence between the given density OCY exp. and the production rate of osteocytes σ prod.
OCY is found by calculating N OCY (x,t) separately from OCY exp. and σ prod.
OCY . The number of osteocytes in the slice N OCY (x,t) is given on the one hand by spatially integrating the given density OCY exp. from the cement line radius R c up to the cavity radius at time t, R(x,t) (Figure 1b) , and on the other hand, by temporally integrating the production rate σ prod.
OCY from the onset of formation t F to t:
Differentiating the above equation with respect to t then gives:
OCY (x,t) S OB a (x,t), whence, using Eq. (8):
Governing equations of cell densities and signalling molecules concentrations. The densities of active osteoblasts (OB a ), pre-osteoblast (OB p ), and active osteoclasts (OC a ), and the concentrations of the signalling molecules are governed by the material balance equation. Following Ref. [24] , the signalling molecules considered in the model are transforming growth factor β (TGFβ), parathyroid hormone (PTH), and the receptor-activator nuclear factor κB system comprising the receptor RANK, the ligand RANKL and the decoy receptor osteoprotegerin (OPG). The distribution profiles of uncommitted osteoblast progenitors (mesenchymal stem cells, OB u (x,t)) and of pre-osteoclasts (OC p (x,t)) are assumed to be given functions (see Table 3 ). Except for the dynamics of TGFβ, which occurs on the same time scale as the resorption dynamics by active osteoclasts, the dynamics of the other signalling molecules is fast due to receptor-ligand reaction kinetics occurring on a much shorter time scale than the characteristic times of cell response. It can therefore be assumed that the concentrations of these signalling molecules quickly reach a pseudo-steady state (see Ref. [24] for a detailed discussion). This enables us to express the concentrations of PTH, RANKL, and OPG as algebraic equations.
Below we summarise all the equations governing the cell densities and the concentrations of signalling molecules in the model. The material balance equation governing the dynamics of active osteoblasts, Eq. (6), is rewritten using the explicit expressions in Eqs (17) and (18) , and substituting ∂ ∂t R(x,t) by the right hand side of Eq. (10). We refer the reader to Ref. [24] for a detailed presentation of the derivation of the other equations:
∂ ∂t OB p (x,t) = D OB u (x,t) OB u (x,t) − D OB p (x,t) OB p (x,t),
∂ ∂t TGFβ(x, t) = n bone TGFβ k res OC a (x,t) − D TGFβ TGFβ(x, t), (22) where
A OC a (x,t) = A OC a π act TGFβ(x,t) k .
The dimensionless functions π act and π rep express the activation and repression of cell differentiation, apoptosis, or ligand expression by regulatory signalling molecules. These functions are determined by the fraction of receptors on the cell occupied by the concerned signalling molecules (see Refs [24, 33] ). Mathematically, they are "Hill" functions given by:
A slight change in the expression for RANKL in Eq. (30) has been made compared to Ref. [24] . The production of RANKL is now correctly proportional to the number of cells that express RANKL, i.e., we have replaced β RANKL in Ref. [24, Eq. (19) ] by β RANKL OB p OB p in Eq. (30) . The same inconsistency of having a production rate of RANKL not scaled by the number of osteoblasts is present in Ref. [33] , which was corrected in Ref. [35] . The behaviour of the BMU model is not changed significantly by this correction. Some inconsistent behaviours of the temporal-only model of Ref. [33] were corrected by this change, see Ref. [35] for more details.
The set of equations (19)- (31) together with Eq. (10) are solved in a co-moving frame attached to the BMU with the following boundary conditions: the density of pre-osteoblasts and active osteoblasts is zero at the (moving) front of the BMU, and the density of active osteoclasts is zero at the back of the BMU (set at a distance of 5 mm behind the front of the BMU). The numerical algorithm used is that of the 'method of lines' of Mathematica's NDSolve function.
Scaling of the cell density distributions in the BMU. In the Results section (Section 3), the cell distribution profiles along x resulting from the numerical simulation are calibrated against experimental values of osteoblast surface densities and total cell numbers. To this effect, we have modified the values of a number of parameters compared to the parameters used in Ref. [24] (that were themselves taken from Ref. [33] ). We used a scaling scheme of the model parameters such that the densities of OB a , OB p , OB u , OC a and OB p would scale uniformly without affecting much their own spatial distribution and without affecting their spatial relation with other cell density profiles. We defined scaling factors α OB a , α OB p , α OB u , α OC a and α OC p , such that if α OB a = 500, the density of OB a s is multiplied by a factor 500 etc. Based on Eqs (19)-(30 [24] . We note that it is not possible to control the scaling of OB p independently from that of OB a without affecting their spatial relationship, and so we have always taken α OB p = α OB a . 
